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Abstract 

We give a complete solution of a problem in submanifold theory posed and 
partially solved by the eminent algebraic geometer Pierre Samuel in 1947. Namely, 
to determine all pairs of immersions /, g: M n -»■ R N into Euclidean space that 
have the same Gauss map and induce conformal metrics on the manifold M n . The 
case of isometric induced metrics was solved in 1985 by the first author and D. 
Gromoll. 



a 



1 Introduction 

> 

■^j- | To what extent is a surface /: M 2 — > M. 3 determined by its conformal structure and its 

Gauss map? This problem was studied back in 1867 by Christoffel [lj , who found all local 
exceptions. Besides minimal surfaces, the only remaining surfaces admitting nontrivial 
conformal deformations preserving the Gauss map are isothermic surfaces, which are 
characterized by carrying local conformal parameterizations by curvature lines on the 
open subset of nonumbilic points. 

For Euclidean surfaces of arbitrary codimension, the problem has been studied by 
^ ■ several geometers j8], [11], [H], [15] and [18]. The article [15] goes back to 1947 and 

was the first publication by the eminent algebraic geometer Pierre Samuel. He showed 
that exceptions are again minimal surfaces and a natural generalization of isothermic 
surfaces, according as the deformation preserves or reverses orientation, respectively. 
His result was totally or partially rediscovered in the other papers much later. 

By the above, a surface in M N with nonvanishing mean curvature vector admits no 
nontrivial orientation-preserving conformal deformation preserving the Gauss map. In 
fact, in [H] a representation theorem is given for any locally conformal map of a Riemann 
surface /: M 2 — > M. with nonvanishing mean curvature vector in terms of its Gauss 
map with values in the quadric Q^ -2 c CP^ -1 . The case of minimal surfaces is quite 
different since the Gauss map is only part of the data in the generalized Weierstrass 
parametrization given in |10j . 

The general problem of looking for all pairs of immersions /, g: M n — > M. N into 
Euclidean space that have the same Gauss map into the Grassmannian Gn,u and induce 
conformal metrics on M n was also considered by Samuel [15]. He divided his study in 
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two cases, called holonomic and nonholonomic according as some natural distributions 
that arise are integrable or not. Samuel gave a complete solution of the problem in 
the holonomic case for analytic immersions. However, he was not able to obtain a full 
classification in the nonholonomic case, probably because several of the necessary tools 
in submanifold theory were not fully developed at that time. On the other hand, his 
idea of working with the complexified tensors related to the problem turns out to be 
very efficient and is also the starting point of our approach in this paper. 

The isometric version of the problem was solved by the first author and Gromoll [3] 
(see also pj2] ) . Namely, what are all pairs of immersions /, g: M n ->■ R N that induce the 
same metric on M n and have the same Gauss map? Locally, solutions are (products of) 
real minimal Kaehler submanifolds, which admit associated families as minimal surfaces. 
Globally, the family of noncongruent isometric immersions g: M n -> R N with the same 
Gauss map as a given isometric immersion /: M n — > M N is parametrized by a compact 
abelian group whose structure was determined. 

For hypersurfaces of dimension n > 3, the problem was considered by the first author 
and Vergasta [6]. In this case, the only exceptions (hypersurfaces admitting conformal 
non-isometric and not conformally congruent deformations preserving the Gauss map) 
are rotation hypersurfaces over plane curves and minimal surfaces in M. 3 . For the proof, 
the authors made strong use of Cartan's criterion for conformal rigidity of hypersurfaces, 
namely, an Euclidean hypersurface must have a principal curvature of multiplicity at 
least n — 2 in order to admit nontrivial conformal deformations. Therefore, most of the 
arguments in [5] can not be extended for submanifolds of higher codimension. 

Recently, a special case of the problem was studied in [TB] as one of the approaches 
to look for higher dimensional analogues of isothermic surfaces. However, that case is 
comprised in the holonomic case of the problem solved by Samuel (although stated in a 
rather different way) of whose work the second author was unaware at that time. 

In this paper we provide a complete solution of Samuel's problem. Surprisingly 
enough, there are few examples of submanifolds that admit conformal non-isometric 
deformations preserving the Gauss map. First, one can take a cone over a spherical 
submanifold and consider its image under an inversion with respect to the center of 
the sphere. Since the Gauss map is constant along the rulings and these are preserved 
by the inversion, the deformation is conformal and preserves the Gauss map. Start 
now with a minimal real Kaehler cone and perform the preceding deformation after 
isometrically deforming it with preservation of the Gauss map. Then, one obtains a 
conformal non-isometric deformation that preserves the Gauss map but does not leave 
the submanifold invariant. We point out that any minimal real Kaehler cone is the real 
part of a holomorphic isometric immersion in C N obtained as the lifting of a holomorphic 
isometric immersion into CP 7 ^ 1 . 

Apart from the above examples with somewhat trivial deformations in the confor- 
mal realm, all remaining ones of dimension n > 3 are built up from either curves or 
minimal surfaces by making warped products of them (in the sense of [13]; see Sec- 
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tion 5.1 for details) with spherical submanifolds. These include cones as well as the 
rotational hypersurfaces described in [6] as particular cases. However, there appears 
an interesting example that can not occur as a hypersurface. Namely, a triply warped 
product submanifold having as profile a degenerate minimal surface in the sense of [10] 
(see Proposition [201 and Remark I2T1 below) . 

The paper is organized as follows. In Section 2 we derive some basic properties of 
pairs of immersions f,g:M n -> that have the same Gauss map into the Grass- 
mannian manifold of nonoriented n-planes in M, N . These properties are combined in 
Section 3 with the relation between the Levi-Civita connections of conformal metrics to 
give a proof of a basic lemma due to Vergasta [18] . It states that conformal Gauss-map- 
preserving deformations of a submanifold /: M n — » R are determined by pairs (T, ip) 
satisfying a certain differential equation, where T is an orthogonal tensor and if is a 
smooth function on M n . The complexified version of this equation is the basic tool in 
our solution of the problem. 

Section 4 is devoted to the surface case, which plays a key role in the solution of 
the general case. In Section 5, we present the nontrivial examples of pairs of conformal 
immersions /, g: M n — >■ R N , n > 3, with the same Gauss map. In the following section 
we introduce some further tools and derive basic lemmata that are used in the last section 
in order to show that such examples comprise all possible ones. This is done by a case- 
by-case study of the various possibilities for the splitting of the complexified tangent 
bundle of the manifold into eigenbundles of the corresponding orthogonal tensor T. 

2 Immersions with the same Gauss map 

In this section, we discuss basic facts about pairs of immersions having the same Gauss 
map, but make no assumptions whatsoever on their induced metrics. 

The Gauss map into the Grassmann manifold Gn,u of unoriented n-planes in R N 
of a given immersion /: M n — > R N assigns to each p G M n the tangent space f*T p M. 
That another immersion g: M n — > M, N has the same Gauss map as / is equivalent to 
the existence of a tensor $ G C°°(T*M g> TM) such that 

g* = /* ° 

It was observed in [5] that $ has the following properties. 

Proposition 1. The following holds: 
(i) $ is a Codazzi tensor, i.e., 

(V X $)F = (Vy$)X for all X, Y G TM. 
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(ii) The second fundamental form aif of f commutes with i.e., 

a f (X, $Y) = a f (<f>X, Y) for all X, Y G TM. 

Conversely, if $ G C°°(T*M <g>TM) satisfies (i) and (ii) and M n is simply connected, 
then there exists an immersion g: M n — > ~R N such that g* = /# o $. 

Proof: Regard u = /, o $ as a one-form on M n with values in M. N . Then, 

du(x, y) = f*(v x $Y - v y $x - y]) + $y) - y). i 

Moreover, we have the following relations. 

Proposition 2. 27ie Levi-Civita connections of the induced metrics and the second 
fundamental forms of f and g are related by 

$v x y = v x $y (i) 

and 

a g (X, Y) = a f (<$>X, Y) for all X,Y e TM. 
Proof: Both assertions follow from 

/*Vx$y + Y) = V x f^Y = Vxg.Y = f^VxY + a g (X, Y), 

where V stands for the derivative in M. N . | 

3 Vergasta's basic lemma 

Next, we give a proof of a basic fact due to Vergasta [18] and discuss its complexified 
version. 

In addition to /, g: M n — > M. n+P having the same Gauss map, we assume that they 
are conformal, i.e., there exists <p G C°°(M) so that the induced metrics are related by 

( , ) 9 = e 2 *( , )/, 

where e v is called the conformal factor of ( , ) g with respect to ( , )/. In this case, 

T = e- v $ 

is an orthogonal tensor with respect to ( , )/. 

The following lemma due to Vergasta [32] is the starting point of our solution of 
Samuel's problem. 
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Lemma 3 . The pair (T, if) satisfies the differential equation 

{V X T)Y = (Y, \7<p)TX - (X, Y)TVip for all X, Y e TM. (2) 

Conversely, for a given isometric immersion f: M n — y M n+P of a simply connected 
Riemannian manifold, any pair (T, if) satisfying (EP and 

a f (TX, Y) = a f (X, TY) for all X, Y e TM, 

gives rise to a conformal immersion g: M n — y M n+P with the same Gauss map. 

Proof: The Levi-Civita connections for the conformal induced metrics relate as 

V X Y = V X Y + X{ip)Y + Y{ip)X - (X, Y) V<p. (3) 

On the other hand, we obtain using ([TJ) that 

TV X Y = e-^V x y = e^Vx^Y = e^Vxe^TY = X(ip)TY + V X TY, (4) 

and the claim follows by comparing fl3]) and (j3J). 

The converse follows from the converse statement of Proposition [H after checking 
that $ = e v T is a Codazzi tensor if (T, if) satisfies (j2J) • I 

3.1 The complexified orthogonal tensor 

Given an immersion /: M n —y M , we may extend the induced metric and the second 
fundamental form to complex bilinear forms 

( , ) : (TM ® C) x (TM © C) -> C and a f : (TM g> C) x (TM ® C) -> (T^M <g> C). 

Let 5-: M n -> be another immersion with g* = f* o e^T, where if G C°°(M) and 
T is an orthogonal tensor on M n . Then, all eigenvalues of the complex linear extension 
of T have length one and we can pointwise decompose TM © C as 

TM © C = L + © T_ © T c 
with L± = £±i = ker(T =f J) and L c = J2 i= i( E ^ ® E \J, where A *) 

are the distinct 

pairs of complex-conjugate eigenvalues, = ker(T — XJ) and E\. = ker(T — A;/). 

Lemma 4. The eigenspaces ofT satisfy 
(i) {E\,Efj) = unless \i = A = 1/X, 
iii) af(E\,E IJi ) = unless \i = A. 
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Proof: For any U G E\ and V G we have (U, V) = (TU, TV) = Xfi(U, V) and 
Xaf(U, V) = ctf(TU, V) = af(U,TV) = fiaf(U, V), and the result follows. | 

In this paper we mostly work with the complexified version of ([2]), that is, 

(VuT)V = (V, Vip)TU - (U, V)TV<p for all U, V G TM <g> C, (5) 

where V is also extended complex bilinear ly. For convenience, we give next how the 
equation reads when applied to particular pairs of eigenvectors of T. 

Lemma 5 . The following equations hold: 

(T - /iI)V z W = Z(n)W - \W(<p)Z + (Z, W)TV<p for all Z G E x , W G (6) 

(T - \I)V X Z = X(X)Z - Z(<p)X for all X G E+, Z G E\. (7) 

The reader should keep in mind the following simple but useful fact. 

Fact 6. A pair (T, ip) satisfies (J2j) or ([5]) if and only if the same holds for the pair (— T, ip). 
Since the eigenbundles L + and L_ are interchanged for T and — T, any assertion on L + 
is also valid for L__ just by applying it to — T. 

4 The surface case 

This section is devoted to review the results in the case of surfaces with arbitrary 
codimension [TT], [TJ], [15] which will play an important role in the study of the general 
case. 

There are three possibilities for the tensor T: 

Case 1. TM ® C = L + . Equation (jSJ) yields V<£> = 0, and we conclude that g is the 
composition of / with a homothety and a translation. 

Case 2. TM <g> C = L + © L_. Let X and Y be unit vector fields spanning L + and L_, 
respectively. Set 

?7+ = V X A" and r?_ = VyF. 
Then (jSJ) reduces to the system of equations 

X{<p) = 2(ri-,X) and Y(<p) = 2(r] + ,Y) (8) 

whose integrability condition is (Vx?7+, Y) = (Vy^_, X). But this is precisely the condi- 
tion for the existence of local isothermal coordinates whose coordinate curves are tangent 
to X and Y (see [TJ-III, (36) in p. 154, or Theorem 4.3 in [17]). Since a f {X,Y) = 
by Lemma [U-(ii), then X and Y are principal directions and thus the surface has flat 
normal bundle. Hence, it is an isothermic surface. Conversely, any simply connected 
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isothermic surface has exactly one conformal deformation with the same Gauss map, 
called its dual isothermic surface. 

Case 3. TM <g> C = L c = E x © E~ x with A = e ie . Equation © reduces to 

XZ(X) = Z(ip), for all Z e TM <g> C. (9) 

Choose local isothermal coordinates (u,v) with coordinates vector fields {du,dv} and 
set Z = d/dz = (l/2)(du — idv). Then (j5J) is equivalent to the functions tp and 9 being 
harmonic conjugate. Moreover, a(Z, Z) = says that / is a minimal surface. Let M 2 
be simply connected with global isothermal coordinates (u,v). Then, the family of its 
conformal deformations with the same the Gauss map is in correspondence with the set 
of holomorphic functions ip = if + id. The element of the family corresponding to ip is 
the minimal surface 

9 = J e+f z dz. (10) 

Remark 7. If V<£> = in Case 1, then (jSJ) implies that the integral curves of X and 
Y are geodesies. Since af(X,Y) = 0, it follows that / = a x (3 is a product of curves 
whereas g = a x (—(3), up to homothety and translation. In Case 3, that Vy? = forces 
A to be constant, and thus / and g are members of an associated family of minimal 
surfaces, up to homothety. 



4.1 Deformations preserving the hyperbolic metric 

For later use, we study the Gauss map preserving deformations g = (a 1 , . . . , a m_1 , a) 
of a minimal surface / = (a 1 , . . . , a m ~ , a) with a > 0, i.e., contained in the upper 
half-space K™, that preserve the metric induced from the hyperbolic metric on M.™. 

That / and g induce the same metric from the hyperbolic metric on M.™ means 
that they induce conformal metrics from the Euclidean metric on M.™ with conformal 
factor e v satisfying e v a = a. Differentiating this equation and using that ip = <p + id is 
holomorphic gives 

a z = e v (a z + aip z ) = e v (a z + ia6 z ). 
From f lTUj) we have a z = e^a z . We obtain that 

^ = (l-e* e ) — • 
a 

The latter can be written as ((e^ — l)/a) 5 = 0. Thus, it is equivalent to [e %e — l)/a 
being a holomorphic function, say k = u + iv . 

From e %e = 1 + au + iav, we obtain (1 + au) 2 + (av) 2 = 1. Thus a = —2u/{u 2 + v 2 ). 
Hence, a is the real part of the holomorphic function —2/k, and therefore k = —2/ A 
where A = a + id is holomorphic. It follows that 

e 10 = ak + l = -A 2 /\A\ 2 . 
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Therefore, the holomorphic functions and — 1/A 2 coincide, since they have the same 
argument. Moreover, if A = a + ia is holomorphic, then this and a z = e^a z yield 
A z = A z = —A z /A 2 = (1/A) Z , hence a is the real part of 1/A, up to a constant. 

We summarize the preceding discussion in the following statement. 

Proposition 8. Two minimal surfaces f,g: L 2 — > R™ have the same (oriented) Gauss 
map and are isometric with respect to the hyperbolic metric on IR+ and if and only if they 
relate as follows: if f is parametrized in isothermal coordinates by f = (a 1 , . . . , a m ~ l , a) 
and A = a + ia is holomorphic, then 



Moreover, the last coordinate function of g is the real part of 1/A. 

Remark 9. If /: L 2 — > M.™ is totally geodesic, endowing L 2 with the metric induced by 
the hyperbolic metric on IR™ we have that L 2 is either an open subset of the Euclidean 
plane IR 2 or of the hyperbolic plane H 2 , c G [—1, 0), according as fo(L 2 ) is parallel to the 
boundary of IR™ or not. Regard / as the restriction to L 2 of an isometric immersion of 
either IR 2 or H 2 into H m , respectively. Then g is given, up to a translation, by g — f oh, 
where h is the restriction to L 2 of an isometry of IR 2 or H 2 , respectively. 

5 The general case 

To start the study of the general problem considered by Samuel we present in this section 
several families of examples. 

5.1 A trivial example 

Example 10. Let /: U C W rn ->■ R N be totally geodesic and let 0: U ->■ U be a 
conformal diffeomorphism. Then / and g — f o <p are conformal immersions with the 
same Gauss map. 

For an / as above we have the following fact. 

Proposition 11. If U is simply connected, then any immersion g: U — >■ WL N that is 
conformal to f and has the same Gauss map is given in this way. 

Proof: Write g* = /* o $ for $ e C°°(T*U ®TU). We regard $ as a one-form in U with 
values in M n . Then, being a Codazzi tensor is equivalent to being closed, hence exact. | 




(11) 
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5.2 Minimal real Kaehler cones 

By a real Kaehler submanifold we mean an isometric immersion /: M n — y ~R N of a 
Kaehler manifold (M n , J). Here n stands for the real dimension. It was shown in [1] 
(see also [12]) that any such minimal / is pseudo-holomorphic. This means that its 
second fundamental form commutes with the complex structure, i.e., 

a f (X, JY) = a f (JX, Y) for all X, Y e TM. 

Clearly, for each 9 G [0, 2tt) the tensor Jg = cos 61 + sinOJ is parallel. If M n is 
simply connected, by Proposition [Tj there exists an isometric immersion fg: M n — y ~R N 
such that /e* = /* ° -h ■ Moreover, by Proposition [2J the second fundamental form ag 
of fg is given by 

Y) = a f (J e X, Y) for all X, Y e TM. (12) 

Thus /# is also pseudo-holomorphic, hence minimal. Therefore, any simply connected 
minimal real Kaehler submanifold /: M n — y K comes (like minimal surfaces) with its 
associated family of minimal isometric immersions all having the same Gauss map. 
Moreover, the family is trivial (all fg are congruent to /) if and only if (N is even 
and) / is holomorphic, that is, /,o J = J ° f*, where J is a complex structure of M. N . 
In particular, any minimal isometric immersion /: M n — > W N of a simply connected 
Kaehler manifold is the real part of a holomorphic isometric immersion F: M n — > C . 
In fact, the map 

F = (l/v / 2)(/ + z/ ff/2 ): M n -> C w = R N © z'R^ (13) 

is isometric and holomorphic (see [3]). 

Recall that the relative nullity distribution of an isometric immersion /: M n — y ~R N 
assigns to each point of M n the tangent subspace 

A f = {X e TM : a f (X, Y) = for all Y e TM}. 

If / is pseudo-holomorphic, then Af is J-invariant. In particular, Af e = Af from f fT2|) . 

In this paper, we focus in the case in which / is also a cone, that is, admits a foliation 
by straight lines through a common point of WL N . The next result shows how any such 
example arises. 

Proposition 12. Let f: M n — y M. N , n > 4, be a minimal isometric immersion of a 
simply connected Kaehler manifold. Then f is a cone if and only if f is the real part of a 
holomorphic isometric immersion F: M n —y C N obtained as the lifting of a holomorphic 
immersion f: M n ~ 2 — y CP^ -1 by the projection n: C N — y CP^ -1 . 

Proof: We prove the direct statement, since the converse is clear. We already know that 
F in (fI3"|) is isometric and holomorphic, where g := f n /2 is the conjugate immersion to 
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/, i.e., g* = f* o J. Since / is a cone, there exists a unit vector field R and a smooth 
function 7 on M n such that the map h = f + 7~ 1 /*-R is constant. It suffices to show 
that the map 

Z = g + i~ 1 g*R 

is also constant and that L = span{i?, JR} is an integrable distribution whose leaves 
are mapped by / and g into affine planes of M. N . Then, the images by F of the leaves 
of L give rise to a foliation of F(M) by complex lines of through a common point. 
From h*R = 0, we have 

J R( 7 )= 7 2 , V R R = and a f (R,R) = 0. (14) 

From h^S = for S orthogonal to R, we obtain 

5(7) = 0, V S R = -lS and a f (R, S) = 0. (15) 

The last equations in ()14p and (I15p yield R G A, hence Ji? G A. On the other hand, 

UR = f*JR + R(l/j)f*JR + (l/j)f*JV R R + {l/i)a f (JR, R). 

The first two terms cancel out since R(l/j) = —1 from f|T4l . The third term is zero by 
(|14p and the last one vanishes because R G A. Thus i*R = 0. If S is orthogonal to R, 
we obtain that 

LS = f*JS + S(l/j)f*JS + (I/7)/* JVsR + (l/j)a f (JS, R). 

By the second equation in f|T5l) . we have JV5-R = —-yJS, hence the first and third terms 
cancel out. The second term is zero by f|T5l) and thus £*S = 0. Hence, the map £ is 
constant. 

By the second equations in (fill) and (IT5|) . the latter applied to 5 = Ji?, we have 
that the distribution L is totally geodesic. Since L belongs to A, it follows that the 
leaves of L are mapped by / and g into affine subspaces of ~R N , as wished. | 

Minimal real Kaehler cones of dimension n = 4 admit a complete description from 
Theorem 27 of [2]. Start with a substantial minimal surface g: M 2 — > M. N , N > 5, such 
that its ellipse of curvature, defined by 

E(x) = {a g (X,X) : X G T X M and ||X|| = 1}, 

is everywhere a circle. These surfaces can be easily described in terms of the generalized 
Weierstrass parametrization. 

Proposition 13. The map F: N 4 := TM -> R N given by 

F(p,v) = g*(p)v 

defines, at regular points, a minimal immersion with the vertical distribution A of N A as 
relative nullity distribution. The leaves of A pass through the origin, hence F is a cone. 
Moreover, the induced metric gives N A the structure of a Kaehler manifold. Conversely, 
any minimal real Kaehler 4- dimensional cone is locally given in this way. 
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The preceding discussion leads to the following example of a pair of conformal im- 
mersions with the same Gauss map. 

Example 14. Let /: M n — >■ R N be a minimal real Kaehler cone and let fg be a member 
of its associated family. Consider an inversion I with respect to a sphere centered at 
the vertex of fg, and set g = To f e . Then g is conformal to / with the same Gauss map. 

5.3 The warped product examples 

Our next examples require the notion of a warped product of isometric immersions 
introduced by Nolker [T3] . 

5.3.1 Warped product of isometric immersions 

Let WL N = ®i =0 Vi be an orthogonal decomposition into nontrivial subspaces, and let 
Z\, . . . ,z k G Vq satisfy {z i: Zj) = for 1 < i ^ j < k. For a fixed point p G M. N , let S i} 
1 < i < k, be the unique sphere or affine subspace of R N such that Vi = T p Si and whose 
mean curvature vector at p is — Zi. Set ki = \zi\ 2 and 

S = p — k^Zi + {p G Vo : (zi,p) > for all i with ki > }. 

ki>0 

Define <ii. So —> R + by cjj(p) = 1 + (zi,p — p) for 1 < i < k and 

U = R N \ (p - K 1 * + U fei >o(M^ © 

ki>0 

Then, the map $: S x CT n^^j — )■ C/ given by 

k 
i=l 

is an isometry, called the warped product representation of M. N determined by the data 
(p, Si, . . . , Sk). Moreover, it was proved by Nolker [T3] that any isometry of a warped 
product onto an open subset of ~R N is essentially given as the restriction of such a warped 
product representation. 

Given immersions jo Mi — >■ Si, 1 < i < k, the map 

/:=*o(/ x...x/ fc ): M := IT^M, -> 

is also an immersion whose induced metric is the warped product of the metrics induced 
by fo, ■ ■ ■ , fk, with warping function p = {p x , . . . , p k ) given by pi = 0; o / , 1 < % < k. It 
is called the warped product of /o, /fe- 
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In the following we only deal with the cases k = 2, 3. For k = 2, we take for simplicity 
the warped product representation M.™ x §> N - m — y R N given by 

(X,Y)t-t(xi,...,x m -.x,x m Y), (16) 

whose induced metric is ( , ) = ( , )a m + a; m( > )s JV - m - 

For fc = 3, we take x § mi x § ma -+ R N , m l + m 2 = N - m, given by 

(X, F) h-> (Xi, . . . , X m -2, Xm-lYx, x m Y 2 ), (17) 

for X e = {(a*, . . . , x m ) e R m : x m -i, x m > 0} and Y { e § mi for 1 < i < 2. 
5.3.2 Ordinary warped product examples 

Let f , g : N s be immersions, let x Sm S^^" 1 be the warped product 

representation (fT6j) and let £: S 1 ™ -8 — > be an isometric immersion. We define 

M n = N s x S n " s and /, g: M n R N by 

f = *o(f x£) and ^ = M/o(^ x£). (18) 

One can check that /, g have the same Gauss map if and only if f , g do. 

On the other hand, the metrics ( , ) and ( , )~ induced by / and g are, respectively, 

( , )o + P 2 ( , )i and ( , )~ + p 2 ( , )i, 

where ( , ) and ( , )„ are the metrics on N s induced by f and g , respectively, ( , )i 
is the metric on S n ~ s induced by £, and p = x m o / 0) p = x m o g are the last coordinate 
functions of fo and go, respectively. Then, it is easily seen that ( , )~ = ip 2 ( , ) for some 
ip e C°°(M) if and only if 

(i) if) = ij)Q o 7r for some if>o G C°°(N), 

(ii) ( , >o = V»o( , )o, 

(iii) ^2 p 2 = ~2_ 

In other words, ( , ) and ( , )~ are conformal if and only if 

~^>{ ) )o = ~o( > )0j 

that is, /o and (70 must induce the same metric from the hyperbolic metric on M.™, in 
which case the conformal factor relating ( , ) and ( , )~ is if) = ipo o 7r , with if)\p 2 = p 2 . 

Summarizing, we have the following fact. 
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Proposition 15. The immersions f and g given by [T8\) are conformal with the same 
Gauss map if and only if /o and go have the same Gauss map and induce the same 
metric from the hyperbolic metric on R™. 

Let /o = a: I — > R+ and go = (3: I R™ be regular curves. Then / and go having 
the same Gauss map means that there exists A G C°°(I) such that j3'{s) = X(s)a'(s) for 
all s G I, whereas fo and go inducing the same metric from the hyperbolic metric on R™ 
should be understood as saying that a and (3 admit common unit-speed parametrizations 
as curves in the half-space model of hyperbolic space, i.e., 

\m\ _ itt ; ooi_ 

Therefore, either A(s) = (3 m (s) / a m (s) or A(s) = —f3 m (s)/a m (s). One can easily check 
that the first possibility leads to the trivial solution (3 = Ca + v for some constant C > 
and v G R m . In the second one, from 

(3 m (s) a m (s) 

it follows that {3 m = C/a m for some constant C > 0. Thus A = —C/a m 2 , and hence 

p=-c I 4tV- ( i9 ) 

J "mO) 

We have proved the following result. 

Proposition 16. Let a, (3: I ->• R™ be regular curves, let M.™ x Xm E> N ~ m -»■ &e 
a warped product representation and let £: S 11 ^ 1 — > §, N ~ m be an isometric immersion. 
Then f,g: M n — > Mr defined by [TB^I for M n = I x S" 1-1 , are conformal immersions 
with the same Gauss map if and only if a and (3 are related by / fiPj) . 

Remark 17. If m = 1 and a, (3: I — >■ M are related by (JTUJ) , then [3 = C /a. In this case, 
/, g: M n — >■ given by f fl8|) for M n = I x S 171-1 are cones that differ by an inversion 
with respect to a sphere centered at their common vertex. 

By putting together Propositions E] and [TS] we get more interesting examples. 

Proposition 18. Let f ,g : N 2 -> 6e minimal surfaces, let M^x^S^^ ->■ 
&e a warped product representation and let I: S n ~ 2 — > §, N ~ m be any isometric immersion. 
Then f,g: M n — > R ^iven by [W\l , for M n = N 2 x S n ~ 2 , are conformal immersions 
with the same Gauss map if and only if fo and go are given as in Proposition^ 

Remark 19. When f (and hence also #o) is totally geodesic, then f(M) is either (an 
open subset of) a cylinder over £ or a product of a line with a cone over £, according 
as fo(L 2 ) is parallel to the boundary l™^ 1 of M™ or not. Moreover, up to a translation 
we have g(M) = f(M): the leaves of the product foliation of M n corresponding to the 
first factor are relative nullity leaves of both / and g, and g = f o $ for the conformal 
diffeomorphism of M n given by <&(x,y) = (h(x),y). 
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5.3.3 A triply warped product example 

Start now with minimal surfaces f ,go-N 2 -»■ Rf . Let \&: R™ x Xm l § mi x Xm § ma M w 
be the warped product representation (|T7|) with mi + m2 = N — m, and let £7* — > § mi , 
1 < 2 < 2, be any isometric immersions, with si + S2 — 2. Set M n = iV 2 x S Sl x S^ 2 and 
define /, g: M n R N by 

/ = *o(/ xi 1 x4)and fl = *o ((7o x ^ x (-£,)). (20) 

The metrics ( , ) and ( , )~ induced by / and g are, respectively, 

2 2 

( , h + ^Pii , )i and ( , )o + ^2pU , )i, 

i=l i=l 

where ( , )o and ( , )q are the metrics on N 2 induced by fo and go, respectively, ( , )i 
is the metric on S Sl induced by £i and p, = x m -2+i ° /o, Pi = ^m-2+i ° go are the two last 
coordinate functions of f and g , respectively 

Proposition 20 . The immersions f, g given by lfW\) induce conformal metrics on M n 
and have the same Gauss map if and only if f , g satisfy the following conditions: 

(i) If fo is parametrized in isothermal coordinates by f = (ax, . . . , a m -ii a, a) with 
a,d > 0, then the function A = a + id is holomorphic. Moreover, the coordinates 
are also isothermal for go, and if go = («i, . . . , a m _2, ct, a) with a, a > 0, then the 
function A = a + ia is holomorphic. 

(ii) If 1Z denotes the reflection with respect to the hyperplane orthogonal to e m , then 
IZogo = (ai, . . . , a m -i, a, —a) is related to f by 177]) and, in particular, A = 1/A. 

Proof: It is easily seen that /, g have the same Gauss map if and only if fo, TZ o g do. 
Moreover, ( , )~ = ip 2 ( , ) for some ip G C°°(M) if and only if 

(i) ip = ijjQ o 7r for some ipo G C°°(N), 

(ii) ( , >o = V>o( > )o. 

(iii) ^ 2 p 2 = p 2 for 1 < i < 2. 

Therefore, if f is parametrized in isothermal coordinates (u,v) by / — (cli, . . . ,a m ), 
then (u,v) are also isothermal coordinates for g , and 

{Kog Q ) z = e*{f Q ) z (21) 

for some holomorphic function ip = ip + iO, where z = u + iv. Let us denote temporarily 
a = a m -i, b = a m , a = ct m -\ and /3 = a m . Then, we have from (iii) and (12 lj) that, one 
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one hand, a z = e^a z , e^a = a and, on the other hand, (3 Z = —e^b z , e^b = (3. The first 
pair of equations leads, as in the proof of Proposition |H1 to = I /A 2 , where A = a + ia 
is holomorphic. A similar computation using the second pair gives = —1/B 2 , where 
B = b + ib is holomorphic. Therefore A 2 = —B 2 , which implies that b — a, and all of 
the remaining assertions follow. | 

Remark 21. A minimal surface S in having a pair of non-constant conjugate 
harmonic functions as coordinate functions is called 2- decomposable in [10J. Thus, 
there exists a direct sum decomposition of M. N with respect to which S becomes the 
direct sum of a non-constant holomorphic function and a minimal surface in R^ -2 . By 
Proposition 4.1 of [10J, this condition is equivalent to S being degenerate in the sense 
that its image by the Q^-valued Gauss map lies in a tangent hyperplane of the quadric 
qjv-2 j n Qpfv-i_ j n particular, if N = 4 then S must be a holomorphic curve. 

6 The main result 

We are now in a position to state our main result, namely, the classification of all pairs 
of conformal immersions into Euclidean space with the same Gauss map. We exclude 
the trivial case of Example [TU1 as well as the surface case discussed in Section 3. 

Theorem 22. Any pair f,g: M n — > WL N , n > 3, of immersions with the same map that 
are conformal but not isometric is as in Example \1J\ or Propositions [TS[ U8\ or[2U 

For the proof of Theorem |22j we assume that we have a global (orthogonal) splitting 

TM ® C = L + © L_ © L c 

and make a case-by-case study according to the various possibilities for their ranks. 
After that, it is easy to see that solutions corresponding to different possibilities can not 
be glued together. 

Before going into such study, we introduce the tools that are needed in order to show 
that a given isometric immersion into Euclidean space is a warped product of isometric 
immersions. 

6.1 Hiepko and Nolker theorems 

The first step is to show that the submanifold is intrinsically a warped product of 
Riemannian manifolds. This is accomplished by Hiepko's theorem stated below. 

Recall that a subbundle E of the tangent bundle of a Riemannian manifold M is 
umbilical if there exists a section 7] of E , called the mean curvature normal of E, such 
that 

(V X Y, Z) = (X, Y) (rj, Z) for all X, Y e E, Z e E ± . 
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If, in addition, 

(VxV, Z ) = °> for all X E E, Z E E ± , 
then E is said to be a spherical subbundle. 

In showing that a subbundle is spherical the following fact will be useful (cf. [IE]). 

Proposition 23. Assume that E is an umbilical subbundle ofTM of rank E > 2. If 

R(X, Y)Z EE for all X,Y,Z E E, 

then E is spherical. Moreover, the above condition holds if f: M — > ~R N is an isometric 
immersion and a(E, E ) = 0. 

Proof: By assumption, there exists a vector field t] E E 1 - such that 

(V X Y) E ± = {X,Y}r] for all X,Y E E. 

We must show that 

(Vyr?, Z) = Q for all Y E E, Z E E ± . (22) 
For an orthonormal pair X,Y E E, we have 

(V Y rj, Z) = Y(V X X, Z) - ( v , V Z Y) = (VyV x X, Z) + (V X X, V Y Z) - ( V , V ' Z Y) 

Using (R(Y,X)X, Z) = 0, we obtain 

(V Y VxX,Z) = (VxVyX,Z) + (V [Y ,x]X,Z) = ([Y : X],X}{rj,Z) = (V X X, Y)( V , Z). 

On the other hand, 

(V X X, V Y Z) = ( V ,V Y Z) + (V X X, (V Y Z) L+ ) = ( V ,V Y Z) + (V X X,Y)(Y,V Y Z) 
= {r j ,V Y Z)-(VxX,Y)(rj,Z), 

and fl22|) follows. For the last assertion, the Gauss equation and the assumption give 

R{X, Y)U = A a(YjU) - A a(X:U) = for all U E E ± . | 

We can now state Hiepko's [9] theorem. 

Theorem 24. Let M n be a Riemannian manifold and let TM = L © Si © ■ ■ • © Sk be 
an orthogonal decomposition into nontrivial vector subbundles such that Si, . . . , Sk are 
spherical and S±, . . . , S^ totally geodesic. Then, there is locally a decomposition of M n 
into a Riemannian warped product M n = N x gi Ni x • ■ ■ x gk N k such that L = TN 
and Si = TNi for 1 < i < k. 
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The problem of determining whether an isometric immersion of a warped product 
manifold is a warped product product of isometric immersions of the factors is handled 
by the following result of Nolker [13] . 

Theorem 25. Let /: M n -> R N be an isometric immersion of a warped product man- 
ifold M n = Mq x Ql Mi x • • • x Bk Mfc whose second fundamental form satisfies 

a(Xi, Xj)=0 for all X { G TM h X i G TMj, i ^ j. 

Given p = (p , • • • ,Pk) e M n , set fi = fo rf : M t -> R N for rf (p») = (p , • • • ,Pi, • • • ,Pfc), 
and Zet 6e t/ie spherical hull of fi, 1 < i < k. Then f is an isometric immersion, fi is 
a homothetical immersion with homothety factor Pi(po) and (f(p);Si,..., Sk) determines 
a warped product representation So x CT1 Si x • • • x CTfc Sk —> R N such that / (M ) C So, 
Pi = Pi(po)(o r i ° /o) 

/ = $o(/„x...x/ fc ), 
where fi is regarded as a map into Si for I <i < k. 

6.2 Basic lemmata 

Next, we derive some basic lemmata to be used throughout the proof of our main result. 
By assumption, the conformal factor e v relating the metrics induced by / and g satisfies 
V<p 7^ on any open subset. Therefore, from now on we assume that Vip ^ everywhere 
without loss of generality. 

Lemma 26 . The following facts hold: 

(i) The subbundle L + is umbilical with mean curvature vector 7] + given by 

(T-/)n + = T(V^) L x, (23) 

(ii) If rank L + > 2, then V<p G and L + is spherical. 

Proof: Applying (j2J) for Y G L + gives 

(T - I)V X Y = (X, Y)TV<p - Y(<p)TX. (24) 

Since the left- hand- side belongs to L^, then the same holds for the other side. If 
rank L + > 2, choosing ^ X G L + orthogonal to Y yields Vy? G and (Vx^)l ± = 0- 
Hence, L + is umbilical and its mean curvature vector field r] + satisfies (T ' — I)rj + = TVy?. 
If rank L + = 1, then (123 j) follows by applying (I24p to a unit vector field X = Y G L + . 
The last assertion in (ii) is a consequence of Proposition [231 I 

Lemma 27. Lei L fre any of the vector subbundles L + , L c , or L^r. Then L is totally 
geodesic if and only ifVip G L. 
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Proof: For the "only if part observe that if X G L is any unit vector field, then we 
have from (j2J) that 

V<p = V X X - T f V x TX + X(<p)X G L. 

We now prove the converse. That L + is totally geodesic if Vy? G L + follows from 
Lemma 1261- (i). We also have from this result that (^+)l c = = (t)-)l c if Vy? G L^. On 
the other hand, regardless of Vy? G L^, we obtain from flU]) that Vx^, VyA G L^ for 
IeL and Y G L + . Hence, L^r is totally geodesic if Vy? G L^. If Vy? G Li, applying 
( ]2"4"|) for X G L^ implies that Vx^ G L + for any Y G L + . Thus L^ is totally geodesic. 
Similarly for Li. It follows that L c = Li fl Li is totally geodesic if Vy? G L c . | 

Lemma 28. Assume L c ^ 0. Then the following facts hold: 

(i) Vy? <£ L + , 

(ii) If rank L + = 1 and L + <f_ A, then V<p G Li. 

Proof: (i) If rank L + > 2, the assertion follows from Lemma |261-(m) since V<p ^ 0. 
Assume rank L + = 1. The inner product of (J6]) with X G L + for \i = A and W = Z gives 

(1 - \)(V Z Z,X) = (Z,Z)X(ip) for any Z G E x . (25) 

If Vy? spans L + , then Li is integrable. Thus (VzZ,X) is real which contradicts f[2"5]) . 
(iz) Applying ([6]) for /i = A and W = Z yields 

Z(A)Z + (XI-T)VzZ = \Z(ip)Z. (26) 

Taking the inner product with X G L + gives 

(V z Z,A> = 0. (27) 

On the other hand, the Codazzi equation yields 

aiVzX, Z) + a(X, V ' Z Z) = a(V x Z, Z) + a(Z, V X Z) = 0. 

We obtain using f[2"Tl) that 

(V^,X)a(X,X) = 0. 
If a(A, A) ^ 0, it follows that (V Z Z,X) = 0, hence A(y?) = by ([25]). | 

Lemma 29 . The following facts hold: 

(i) A complex eigenvalue A ofT is constant on E\@E\ if and only ifVtp G (E^E^)- 1 , 

(ii) If rank L c > 4, then a complex eigenvalue [iofT can only fail to be constant along 
E^® Ep. Moreover, this may only happen if fi is simple and L M © E^ = A ® C ; 
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(Hi) If rank L c > 4 and either A fl L c = {0} or rank A > 3, then G L^, 

(iv) If rank L c = 2, rank A > 3 and L c C A, then Vip G Lj:. 

Proof: (i) Let Z G E\. We have from (EE} that 

AZ(A) = Z((p). (28) 

Hence Z(<£>) = XZ(X) = —XZ(X), and the assertion follows. 
(ii) Applying (J7J) to W G £^ gives 

X(/i) = = for X G L+, K G L_. (29) 

Let Z E E x and assume that (Z, VK) = if A = Jjl. Then (jSJ) yields Z(/x) = 0. This and 
( T29|) show that \x can only fail to be constant along © Ep. Moreover, this can only 
happen if fi is simple, since rank L c > 4. 

We now show that fi is also constant along © Ep unless (fi is simple and) 
Efi © Ep C A © C. Choose a complex eigenvalue A G" {/i, //}. By the Codazzi equation 

a(V z Z, W) + a(Z, V z W) = a(V z Z, W) + a(Z, V Z W) 

for any Z G -E"a- Using that az(Z, Z) = 0, we obtain 

(V Z Z, W)a(W, W) - (V Z Z, W}a(Z, Z) = (V 2 Z, W)a(W, W) - (V 2 Z, W}a(Z, Z). (30) 
On the other hand, it follows from ((6]) that 

(V Z Z, W) = = (V 2 Z, W). (31) 

By ([30D and (ETJ) we have 

([Z, Z], W)a(W, W) = = ([Z, Z], W)a(W, W). 

We obtain that 

a(W, W) = or ([Z, Z], W) = = Z],W). 
Assume a(W, W) ^ 0. We also have from ([6]) that 

(X- n)(V z Z,W) = \W(<p) and (X-fj,)(VzZ,W) = XW(<p). (32) 
If (V z Z, W) 7^ 0, we obtain that A = A, a contradiction. Hence, 

(V Z Z,W) = Q=(V 2 Z,W). 
Thus Vy? G (-E M © -E^) -1 by (152"]) . and the conclusion follows from (i). 
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To complete the proof, it remains to show that p is also constant along © Ep if 
© Ep_ is properly contained in A © C. If this is the case, then A has rank at least 
three. Since T leaves invariant any leaf a of A, we can apply Proposition [TT] to f\ a 
and conclude that e lfi T\& is the derivative of a conformal transformation <fi of a. By 
Liouville's theorem is a Moebius transformation, hence e^T has constant eigenvalues 
along A © C. This also gives {iv). Then (Hi) is a consequence of (i) and (ii). | 

Let A be a totally geodesic distribution on a Riemannian manifold. The correspond- 
ing splitting tensor C associates to each S G A the map Cs'- A 1 - — > A 1 - defined by 

C S X = -(V X S) A ^. 

It is well-known that C satisfies the differential equation 

VtCs = CsCt + Cy T s 

for all S,T G A (cf. [3]). 

Lemma 30. IfTM © C = L c then n = 2. 

Proof: By Lemma l29l it suffices to show that if rank L c > 4, then there can not exist a 
simple complex eigenvalue p of T such that A © C = E^ © E^. Assume otherwise, and 
let ^ W G E^ and Z G E\ with A ^ p,p. Thus a(W, W) = and a(Z, Z) ^ 0. We 
have from Lemma [291 that A = a + i/3 is constant on M n , that 

(V z ^W> = = <V^,W r ) (33) 

and that 

(1 - V)(V Z Z, = (1 - Xp)(V z Z, W). (34) 

Take an orthonormal frame X, Y of A that is constant along each leaf. It follows from 
(13"3"j) that the complexified splitting tensor C of A satisfies 

C X Z = -V Z X = (Z,Z}- 1 (V Z Z,X}Z for all Z G Ex- 
Set S = (Z, Z)~ l V zZ and p = (S,X). Then C X Z = pZ, and similarly CyZ = uZ, 
with v = (S, Y). Writing S — U + iK, we obtain from (1541) that 

/i 



Since pp = 1, we have ||V|| 2 = \\aV — (3U\\ 2 . Since (3 ^ 0, this can also be written as 

mU\\ 2 -\\V\\ 2 ) = 2a(V,U). (35) 
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Denote A = (S, S) = (\\U\\ 2 - || V\\ 2 ) + 2i(U, V). Then ([25]) implies that A/ A is constant 
on M n . Thus, 

X(A)A = AX (A). (36) 

On the other hand, from VxCx = C\ and VxCy = CyCx applied to Z G E\ we 
obtain X(p) = p 2 and X(u) = up. Since A = p 2 + u 2 , this gives X(A) = 2pA. Replacing 
into (J3BJ yields (p - p)\A\ 2 = 0. Thus p = p, that is, (V,X) = 0. Similarly, (V, Y) = 0. 
Hence V = 0, a contradiction. | 

Lemma 31. //" L c is totally geodesic, then rank L c = 2 and L + is spherical. 

Proof: Since L c is T- invariant, the first assertion follows by applying Lemma 1301 to the 
restriction of / to a leaf of L c . For the second assertion, by Lemma l26l-(u) we may 
assume that rank L + = 1. Since V<p G L c by Lemma E7] applying (JHJ) to unit vector 
fields X E L + and K G L_ yields 2(?7 + ,F) = = 0, and hence i] + G L c . Let A, A 

be the complex eigenvalues of T, let Z £ E\ and let X be a unit vector field spanning 
L+. We obtain from © that X(A) = and Z(<p) = (v+,Z)(l - A). Also Y(X) = if 
K G L_. Hence, VA G L c . From ® we have Z(<p) = XZ(X). Thus, 

(1-A)(r /+ ,Z) = AZ(A). 

Taking the X derivative and then using VA G L c and that L c is totally geodesic yield 

(1 - \)(VxV+, Z) + (l- X)(v+, VxZ) = XXZ(X) = X[X, Z\{X) = XV X Z{X) 

= X{V X Z,Z)Z(X) = (1 - X)(V x Z,Z)(r) + ,Z) = (1 - X)( V+ , V X Z), 

and therefore (Vx^7+, Z) — 0. | 



7 The proof of Theorem 1221 

We now prove Theorem [22] through a case-by-case study of the orthogonal splitting 
TM®C = L + @L_@L C of the complexified tangent bundle of a submanifold /: M n -)> 
that admits a conformal deformation g: M n — > ~R N with the same Gauss map. 

In the following, we always assume that n > 3. We also suppose that / and g are 
neither totally geodesic nor differ by a homothety and a translation. 

7.1 The case L c = {0}. 

We begin with the case in which L c is trivial. In particular, the next lemma provides a 
simpler proof of Theorem 18 in [16] . 

Lemma 32 . If L c is trivial, then f and g are as in Proposition UM 
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Proof: If rank L + , L_ > 2, we obtain from Lemma |2"oT- (ii) that Vtp = 0. Thus, we may 
assume rank L + = 1. Since n > 3, we have that rank L_ > 2. Thus L_ is spherical and 
S7(p G L+ by Lemma [261- (u). and hence L + is totally geodesic by Lemma [271 Bearing 
in mind Lemma lU-(ii), we obtain from Theorems 1241 and [251 that / and g are given as 
in ( I18p for some regular curves fo = a:I^- M.™ and go — /3: I — > M.™. The conclusion 
now follows from Proposition [TBI | 

7.2 The case L = {0}. 

The next case to consider is when either L + or L_ is trivial, since the case TM®C = L c 
has already been treated in Lemma [30j In view of Fact EJ there is no loss of generality 
in assuming that L_ is trivial. 

Lemma 33. If L- is trivial, then f and g are as in Proposition UR 

Proof: If rank L + > 2, then L + is spherical and Vip G L c by Lemma [261- (ii). Then 
L c is totally geodesic by Lemma ETJ and hence rank L c = 2 by Lemma [3TJ In view of 
Lemma O-(zz), we obtain from Theorems [2^1 and [251 that / and g are given as in ( fl8|) for 
minimal surfaces fo,go'- N 2 ~> - The conclusion now follows from Proposition [T8l 

Assume rank L + = 1 and L + C A. Since / and g are not totally geodesic, then 
either L + is the common relative nullity distribution or rank L c > 4 and rank A > 3. 
In any case, Vip G L + by Lemmas I2T1 and |2^| a contradiction with Lemma |2"S1- (i). 

Suppose rank L + — 1 and L + G: A. Then L c is totally geodesic by Lemma [281- (ii). 
Then rank L c = 2 and L + is spherical by Lemma [3TJ The conclusion follows exactly as 
in the case of rank L + > 2. | 

7.3 The case L+ ^ {0}, L ^ {0} and L c ^ {0}. 

Finally, we treat the case in which L + , L_ and L c are all assumed to be nontrivial. 

Lemma 34. If either 

(i) rank L + > 2 and rank L_ > 2, or 
(ii) rank L + = 1, L + (£_ A and rank L_ > 2, or 
(Hi) rank L + = 1 = rank L_ and L + , L_ (jL A 7 
then f and g are as in Proposition IWi 

Proof: We will prove that either one of assumptions (i), (ii) or (Hi) implies that both 
L + and L_ are spherical and that Vy? G L c . Then L c is totally geodesic by Lemma [27J 
and hence rank L c = 2 by Lemma EU As before, the conclusion follows from Lemma 
ffl-(ii), Theorems [241 and [251 and Proposition 1201 
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If (i) holds, the proof follows from Lemma flEl(ii). If (ii) holds, we obtain from 
Lemma |2"oT- (ii) that L_ is spherical and Vy? G L_. By Lemma flEl (ii) that rank L + = 1 
and L + <f_ A imply Vy? G L^. Thus Vy? G L c , and hence L c is totally geodesic by 
Lemma [271 Then L + is spherical by Lemma [3X1 Under the assumptions in (iii), we 
have from Lemma [281- (n) that Vy? G L c and, as before, L + and L_ are spherical. | 

The next two lemmas take care of the remaining case. 

Lemma 35. // rank L + = 1 and L + C A ; then rank L_ = 1 and L + © L_ C A. 

Proof: Assume otherwise that either rank L_ > 2 or rank L_ = 1 and L_ ^ A. Then 
Vy? G L^: by Lemma |2"ET- (zz) or Lemma |2"81 (zi). respectively. If rank L c > 4, then either 
A n L c = {0} or rank A > 3. In both cases, Vy? G L^ - by Lemma [2H1 and hence 
Vy? G L_|_. If rank L c = 2, then either rank A > 3 and L c C A or L c fl A = {0}. In the 
first case, Lemma 1291- (if ) implies that Vy? G L^, hence Vy? G L + . We reach the same 
conclusion in the second case, for now Vy? G L_ fl A = L + . But this is in contradiction 
with Lemma 1281- (i). | 



Lemma 36. If rank L + = 1 = L_ and L + ©LcA, t/ien /, (7 are as in Example T\ 

For the convenience of the reader we divide the proof into three sublemmas. 
Sublemma 37. The following holds: 
(i) The subbundle L := L + @ L_ is totally geodesic and Vy? G L, 
(ii) T has only one pair of complex conjugate eigenvalues A = a + ib and X, 
(Hi) There exists an orthonormal frame {R, S} of L such that 

TR = -aR - bS and TS = -bR + aS, (37) 

C R = and C s \e x = hi, (38) 

V R R = and V S S = -?R, (39) 

R(j) = 7 2 and 5( 7 ) = 0, (40) 
where C is the complexified splitting tensor of L. 

Proof: (i) If L = A, then L = Ljr is totally geodesic, thus Vy? G L by Lemma |2"T1 
Otherwise rank A > 3, and we conclude again that Vy? G L from Lemma [2HJ Thus, 
also in this case we have that L is totally geodesic by Lemma [27J 

(ii) Let X,Y be unit vector fields spanning respectively. From ( 1231) and the 

similar formula for r?_ we have 

ivy? = V x X + VyY = r 2 X + r 1 F, (41) 
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where T 1 = (V X X,Y) and T 2 = (V Y Y,X). Take y/2Z = u + iv G E x with {u,v} 
orthonormal. We obtain from (1271) that 

(V u m) l = (V v v) L and (V„<u + V v u) L = (42) 

Using (jl2]) it follows from (J25D and flU) that 

(a-l)(V u M,X) + 6(V 1 ,M,X) = -2r 2 and (a - l)(V w w, X) - b(V u u, X) = 0. 

Similarly, 

(a+l)(V u u,Y) +b(V v u,Y) =2Tt and (a + l)(V„tt, F) — b(V u u, Y) = 0. 
It follows that 

(V u u) L = (43) 

and 

(V B u, X) = r -^ TT r 2 , (V w u, Y) = j-^—rT,. (44) 
(a — 1) (a + 1) 

Since (V W V</?, v) = (V v V<p,u), using (1421) and (1431) we obtain 

((V u u) L , (V„u) £ ) = 0. 

From (T4"3"j) and (|44p we have 

(V v u,X){V v u,Y) = -{V u u 7 X)(V u u,Y). 

Hence, 

||(V««)l|| = \\(V v u)l\\. 
In view of (jUJ), (g3]) and (gU), we now have that (a + + (a - l)r? = 0. Hence, 

r 2 — r 2 2r r 

a = TfTfl and 6 = ± nT?f (45) 

Thus, T has exactly one pair of complex conjugate eigenvalues. 
(in) Consider the orthonormal frame {R, S} of L given by 

R = (l/2 7 )Vp = (l/7)(r 2 X + T 1 Y) and 5 = (1/ 1 )(-T 1 X + r 2 F) 

where 27 = |V</?|- From (1121 . (143]) and (gU) we have 

(V u m) l = 1 R= {V v v) l and (V„u) £ = 7^ = -(V«v) £ . (46) 

Using (|45p and choosing 6 with the plus sign in (j45l) we obtain (|37|) . On the other hand, 

(V.V^, 5) = ( V 5 V<^, u) = and (V„V<^, S) = ( V 5 V^, v) = 
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yield 

(V u R,S) = 0=(V v R,S). (47) 
From © we have for Z _L {W,W} that 

(V Z W, X} = 0= {V Z W } Y) and {V Z W, X) = = (V K W, Y). (48) 

It follows from g6]), (JSD and that 

S/ Z R = -nfZ and V Z S = -ijZ, for all ZeEj, (49) 

which is equivalent to ( 138]) . Finally, from WrCr = G\ + aCs and = Cf + 

we obtain fl39|) and f liOj) . 

Sublemma 38. 5o£/i / and (7 are cones. 

Proof: To prove that / is a cone we show that h = f + 7 -1 f*R is a constant map. Using 
that R G A we have 

W = f.R + R(lh)UR + (lh)UV R R = 
by (13"9"|) and the first equations in (1401) . Also, 

= /*S + S(\/<y)f*R + (I/7)/* V s i? = 
by the second equation in (HUT) and V5-R = —75", which follows from (I3"9"j) . Finally, since 

2Z( 7 2 ) = (V z Vy?, V^) = (V v ^, Z) = 

for Vy2 G L and L is totally geodesic, we have Z(j) =0 for any Z G L c . It follows using 
flUD that 

KZ = UZ + Z(l/ 7 )/»i2 + {lh)UV z R = 0. 
Now set .R = e^-R, 7 = e - ^ and 5 = e^S. Using © we obtain 

V Z R = *yZ, V R R = and VgS = -7R. 

Then, a computation similar to the above shows that i = g — 7 _1 ^*i2 is also constant. 

Sublemma 39. Tae manifold M n is Kaehler, the immersion f is minimal and there 
exist an inversion X and a member f$ of the associated family of f such that g = X o f 
up to a homothety. 
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Proof: For i as in the end of the proof of Sublemma ESI let Qq G ~R n be its constant 
value and let X be an inversion with respect to a unit sphere centered at Qq. Notice 
that X leaves g(M) invariant. The differential of X at p is 

X *G°) = I TTl? 7 ^ 



\P-Q 



o 



where 1Z is the reflection with respect to the hyperplane orthogonal to the position 
vector p — Q . Since g{p) — Qo = l l g*R-, it follows that \g{p) — Qq\ 2 = 7 ~ 2 . Hence, 

(X o g), = fg*K = 7~ 2 /*e^T = e ~ <P~ff m f 

where TZ is defined by TZR = —R and TZ\r± = I\r-l, and T = VST. Now, the first 
equation in (gQJ and Vcp = 2 7 i? give = 0. Since V(<p) = = ^(7) for 7 JL R, 

it follows that e _v 7 2 is constant on M n . Hence, 

(Iog). = kfJT, keR. (50) 

On the other hand, from (1371) we obtain that 

f(R-iS) = X(R-iS), 

and hence T is an orthogonal tensor on M n having only A and A as eigenvalues. More- 
over, since Tog and / are homothetic by fl50l) . it follows from Proposition [2] that T is 
parallel. In particular, this implies that A is constant on M n and that E\ = ker(T — XI) 
is a parallel subbundle of TM ® C. Hence, J G T((TM ® C)* ® (TM ® C)) defined by 
JZ = iZ for Z E Ex and = — «Z for Z G is an almost complex structure on 
TM <g> C that is parallel with respect to the complexified Levi-Civita connection of M n . 
Since J(Z) = JZ, it follows that J comes from a parallel almost complex structure J 
on M n that makes it a Kaehler manifold. 

Using that the second fundamental form of / commutes with T, we obtain that 
it also commutes with T, and hence with J. Thus / is a minimal real Kaehler cone. 
Finally, it follows from ( J50l) that fe = Togis homothetic to a member of its associated 
family. Since g=Io/ 9) the proof is completed. | 

Proof of Theorem [2B: The proof follows from Lemmas [301 E2l E31 [3H [35] and [36j | 
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